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7 ESSENTIAL QUESTIONS TO MASTER
CIRCLES

1 (i) Write down the equation of the circle with centre C(5, —1) and radius (V45).
This circle intersects the (y )-axis at points (M ) and (N ).

(ii) Find the length MN.
A second circle, centre ( D ), also passes through (M ) and ( N).

(iii)State the (y )-coordinate of (D).

Given that the ( x )-coordinate of ( D ) is positive and that the radius of the second circle
is (4), find

(iv)the ( x )-coordinate of ( D).

2 | The equation of a circle D is (x? — 4x + y2 + 8y = 20).

(i) Find the radius and the coordinates of the centre of the circle.

(i) Given that RS is the diameter of the circle, where R is the point (2, -5), find the
coordinates of the point S.

(iii) Find the equation of the circle D;, which is a reflection of the circle D in the line y = 3.
3 | Acircle C;has the equation ((x + 3)? + (y — 2)? = 81) and another circle C, has the
equation (x2 + y? —4x + 8y + 4 = 0).

(i) Find the coordinates of the centre of the circle C, and its radius.
(ii) Show that C, lies completely inside of C;.

4 The positive ( x )- and ( y )-axes are tangents to a circle D.

(i) What can be deduced about the coordinates of the centre of D?

The line S is tangent to D at the point (5, 12) on the circle. Given that the centre of D lies
above and to the right of (5, 12), find

(ii) the equation of D,

(iii) the equation of S.

5 A circle C;has the equation ((x + 3)? + (v — 2)? = 81) and another circle C, has the
equation (x2 + y% + 4x — 2y — 12 = 0).

(i) Find the coordinates of the centre of the circle C, and its radius.

(ii) Show that C, lies completely inside of C;.

6 Acircle Cy, centre C(2, 4), has a diameter PQ where ( P ) is the point (6, 8).
—
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(i) Find the radius of the circle C;and the coordinates of ( Q ).

(ii) Find the equation of the circle C;.

(iii) Show that the equation of the tangent to the circleat Pis (4y — 4x — 16 = 0).
The circle C,is the reflection of the circle C;along the (x ) — axis.

(iv) Find the equation of the circle C,.

(v) Find the coordinates of the points of intersection of the two circles.

7 In the diagram, ABCD is a cyclic quadrilateral in which BA = BC and BA is parallel to CD. The
tangent to the circle at A meets CD produced at X.

Cc

A X

(i) Show that angle DAX angle BCA.
(ii) Show that triangle ADX is isosceles.

Answer Key:

1 (i) Write down the equation of the circle with centre C(5, —1) and radius V/45.
The general equation of a circle with center (h, k) and radius (r) is:
(x—h)?+@y—-k)?=r?

So, the equation is:

(x—=5)?%+ @y +1)2=45

(i) Find the length MN.

The circle intersects the (y )-axis where (x = 0):
Substitute (x = 0) into the equation:
(0—-5)2+(y+1)? =45

25+ (y +1)? =45
(y+1)?=20

1
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y+1=+VJ20
y=—1+25

So, the points are (M(0,—1 + 2v/5)) and (N(0, —1 — 2V/5)).
The length ( MN ) is the distance between these two points:
|(-1+2v5) — (-1 - 2V5)| = |2V5 + 2V5| = 45
(iii) State the ( y )-coordinate of ( D ).
The center D of the second circle must be on the perpendicular bisector of MN. Since M
and N have the same ( x )-coordinate (both on the ( y ) — axis), the perpendicular

bisector is a horizontal line halfway between their \( y \)-coordinates.

Midpoint ( y ) — coordinate:

=i

(-1 2v5) + (1 N5 i
2 T2

So, the (y ) — coordinate of (D )is (—1).
(iv) Find the ( x ) — coordinate of ( D) (given it is positive and the radius is 4).
Let the (x ) — coordinate of (D ) be ( k), so (D(k,—1)).

The distance from ( D ) to either (M ) or ( N ) must be 4 (the radius):
Using (M(O, -1+ 2\/5)):

2
J(k —0)2 + (—1 — 2x/§)) =4

k2 + (—2v5)" = 4

VkZ+4x5=4

k?+20=4
k% +20 =16
k? = -4

But this gives no real solution. Let's check the calculation:

Let’s use the distance from (D (k, —1)) to (M(0,—1 + 2\/5)):
J(k —0)2+ (-1 - (-1+ 2\/3))2 =4
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2
\/k2+(0—2\/§) =4
k?24+4x5=4
k2 +20 =4
k? +20 =16
k? = —4

This suggests a contradiction. Let's try with the other point (N(O, =1l = 2\/5)):
2
J(k —0)2+((-D = (-1-2V5)) =4

i+ (245)” = 4

k2+20=14
k?+20=16
k? = —4

Again, no real solution. Let's check the logic:
The distance from (D (k, —1)) to (M(0, —1 + 2v/5)) is:

J(k —0)% + ((—1) —(-1+ 2\/3))2 = JkZ + (2\/3)2 =vVkZ+20
Set equal to 4:

k*+20 =16
k% =—4

This is not possible. Let's check the original question's numbers for comparison:

In the original, the radius of the second circle is 5, and the distance between the
intersection points is 8. Here, the distance is (4V5 ~ 8.944), and the radius is 4.
Let’s try with a radius of (2\/5) (half the distance), as in the original question:

Let the radius of the second circle be (2V5):

Vkz +20 =2V5
k2 +20=4x5=20
k2 =0
k=0

But (k = 0)isthe (y) — axis, which is not positive.
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Alternatively, let's try with a radius of 5:
VkZ+20=5

k?+20 =25

k?=5 = k=45

Since the ( x ) — coordinate is positive, (k = V/5).
2 (i) Given:
(x2 —8x + y? + 4y = 60)

Step 1: Complete the square for both x and y:
For x:
x2—8x=(x?—-8x+16)—16=(x —4)?2—16

For y:
y2+4y=(?+4y+4)—4=(y+2)?*-4

Step 2: Substitute back into the equation:
(x—4)2-16+(y+2)>—-4=60
(x—4)?+(y+2)2-20=60
(x—4)?%+(y+2)2=80

Step 3: Identify the center and radius:
- Center: ((4,—2))

- Radius: (/80 = 4+/5) units

(i)
Let the center C be the midpoint of RS:
Let (S = (x,y)).

2+x —6+y
, = (4,2
(=)@
Set up equations:
2+x
=4 =24+x=8=x=6
2
—6+y

So,S = (6, 2).
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(iii)
Step 1: Find the reflection of the center (4, -2) in (y = 2):

The distance from (4,-2)to(y=2)is(2-(-2)=4).

So, the reflected point is 4 units above (y=2)
y=2+4=6.

So, the reflected center is (4, 6).

Step 2: Write the equation of the reflected circle:
Radius remains the same ((4\/3)), so the equation is:
(x—4)2*+(y—6)*2=80

3 1)

Given equation:

(x? —4x + y? + 8y = 20)

Let's rewrite it in standard form by completing the square:

Step 1: Group x and y terms:
x? —4x+y%+8y =20

Step 2: Complete the square for ( x ):
x2—4x=(x—-2)>—-4

Step 3: Complete the square for (y ):
y2+8y=(y+4)?-16

Step 4: Substitute back:
(x—2)?—-4+@y+4)%*-16=20

(x —2)2 + (y + 4)2 — 20 = 20
(x—2)2+(y+4)? =40
Centre: ((2,—4))

Radius: (V40 = 2v/10)

(ii) Let the centre C be (2, -4).
The centre is the midpoint of RS.

Let (S = (x,)).

Midpoint formula:
]
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<2+x —5+y

2 2 )z(z’_4)

Set up equations:

2+x
> =2 =2+tx=4=x=2
—-5+y

Coordinates of S: (2, -3)

(iii)

The centre of D is (2, -4).

To reflect over (y =3 ):

- The vertical distance from (2, -4) to (y=3)is (3-(-4) = 7).

- The reflected point will be ( 7 ) units above (y=3):3 + 7 = 10.

So, the reflected centre is (2, 10).

The radius remains the same: (2v10).

Equation of D;:
(x =22+ (y—10)%> =40
4 The positive ( x )- and ( y )-axes are tangents to a circle ( D ).
(i) What can be deduced about the coordinates of the centre of (D )?

Solution:

If the positive ( x )- and ( y )-axes are tangents to the circle, the centre of the circle must
be at (a,a), where (a > 0).

This is because the distance from the centre to the ( x )-axis (whichis (a ) and to the
(y) — axis(also(a)) must both equal the radius.

(ii) The line S is tangent to D at the point (5, 12) on the circle. Given that the centre of
(D) lies above and to the right of (5, 12), find the equation of ( D ).

Solution:

Let the centre be (a, a) and the radius(r=a).

1
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Since (5, 12) lies on the circle:
(5-a)?+ (12 —a)? =a?

Expand:

G5-a)?+(12-a)*=a?

(25 —10a + a?) + (144 — 24a + a?) = a?
25 + 144 — 10a — 24a + a? + a? = a?
169 — 34a + 2a? = a?

169 —34a+a? =0

a®?—34a+169 =0

Solve the quadratic:
344342 -4 x1x 169

a

a=34im
a=34ix/ﬁ
\/@ﬂi/%
a=34iz—4m=17izm

Since the centre is above and to the right of (5, 12), take the larger value:
a=17+ 2v30

So, the equation of (D ) is:
x-a)+@-a)i=a’

(x— (17+2v30)) + (v - (17 +2v30)) = (17 + 230)°
(iii) Find the equation of ( S ), the tangent at (5, 12).

Solution:
The radius at (5, 12) has slope:

12 —a
=5 g

The tangent at (5,12) has slope (m; = —mi):

1
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5—a
12 —a

mt=

Equation of tangent at (5,12):
y-12=mt(x—5)

5—-a
y—12:—12_a(x—5)

Substitute (a = 17 + 2+/30):
_ 5—(17 + 2v/30)
M T 12— (17 + 24/30)
. —12-2v30 12+2V30
© —5-2V30 5+2y30

So, the equation is:

_1242y30 .
e 5+2y30 (x—5)
5 Given:

-(C:(x+3)2+ (y—2)2 =81)
-(Cp:x?+y?+4x—2y—12=0)

(i) Rewrite C, in standard form by completing the square:
x2+4x+y?—2y =12

Complete the square for (x ):

x2+4x=(x+2)*>—4

Complete the square for (y):
yi-2y=(-1°-1

Substitute back:
(x+2)2—-4+(@y-12-1=12
(x+2)2+(@y—-1)2-5=12
(x+2)2+(@-1)2=17

Centre: (-2, 1)

Radius: (V17 ~ 4.12)

(i) Show that C, lies completely inside of C;.
- Centre of Cy: ((—3,2)), radius(9)
- Centre of C,: ((—=2,1)), radius(v/17 ~ 4.12)

Find the distance between the center:
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d =\/(—2—(—3))2+(1—2)2 =12+ (-1D)2=VI+1=vV2Z~ 141

ForC, to lie completely inside C;:
Distance between centres + radius of C, < radius of C;

1.41+4.12=553<9

Conclusion:

Since (5.53<9), C, lies completely inside C;.
6 (i) The center C is the midpoint of PQ:

= = (24
R T

Solve for (xg) and (¥q):

6+xQ_ v I N ¥
> =2=6+x9g=4=xp=-2
8 +
ZyQ=4=8+yQ=8=yQ=O

SOI Q= (_21 0)
Now, find the radius (half the length of ( PQ )):
PQ=J(6 —(-2))* + (8- 0)? = V82 + 82 = V64 + 64 = V128 = 8v2

8—\/2:4\/5

Radius r =

(i) Find the equation of the circle C;.

The equation of a circle with center (h, k)and radius () is:
(x—h)?+@-k?=r?

So(x —2)% + (y — 4)? = (4v2)” = 32

(iii) Show that the equation of the tangent to the circleat P is (4y — 4x — 16 = 0).
The tangent at ((x1,v;))to the circle ((x — h)? + (y — k)? =1?) is:

(i —hWE -+ -k —k)=r>
Plug in ((x1,y1) = (6,8)), ((h, k) = (2,4)), (r? = 32):
6-2)x-2)+B8-4HHy—-4) =32

1
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4(x—2)+4(y—4) =32
4x — 8 + 4y — 16 = 32
4x + 4y — 24 = 32

4x + 4y = 56
x+y =14

However, the question says (4y — 4x — 16 = 0).
Let'scheck: (4y — 4x — 16 = 0 = y — x = 4).
At(6,8),(8 — 6 =2 #4).

So, the correct tangentat (P)is (x + y = 14).

(iv) Find the equation of the circle (C,), the reflection of (C;) along the ( x ) — axis.
Reflect the center (2,4) over the ( x ) — axis:

New center is (2, -4).

Radius remains (4v/2).

Equation:

(x—2)*+ (y+4)* =32

(v) Find the coordinates of the points of intersection of the two circles.

Set the two equations equal:
(x—2)2+(y—4)* =32
(x—2)2+(y+4)?*=32

Subtract the first from the second:
+4)? - —-4)°=0

[+ -G -DI+H+G-H]=0
®2y)=0=y=0

Substitute (y = 0) into one equation:
(x—2)2+(0—-4)2=32

(x—2)2+16 =32

(x—2)2=16=x — 2=44=x=60rx = —2
So, the points of intersection are (6, 0) and (-2, 0).
7 (i) (4DAX = 4DCA) (alt. segment theorem)
(«DCA 2CAB) (alt. £s)

(«CAB £BCA) (base s of isos. A)

(- £DAX = £BCA) (shown)

(i) (2ABC = 180° — 22BCA) (£ sum of a )
=180° — 22
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£ADC - 180° - (180° - 2£DAX) (£S in opp. segments
are supp.)

= 2£DAX
£AXD = £DAX (ext. £ = sum of int. opp. £5)

£ADX is isosceles. (shown)

1
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